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]‘ Learnmg Goal(s)

= Knowledge £ Skills @ Understanding
What are radians as a Convert between radians and Why radians are needed
measurement fOI‘ an angle degrees ................................

® By the end of this section am | able to: A A A
8.1  Define and use radian measure and understand its relationship with degree measure e e el

8.2  Know how to set a calculator in radians
8.3  Understand the unit circle definition of sin @, cosf and tan 6 and periodicity using radians """"" """"" """""
8.4  Solve problems involving trigonometric ratios of angles of any magnitude in both degrees and radians. A A :

8.6  Derive the formula for arc length | = rf and for the area of a sector of a circle, A = %1"29

8.7  Solve problems involving sector areas, arc lengths and combinations of either areas or lengths.




RADIAN MEASURE — RADIAN/DEGREE: CONVERSIONS : : : : : : : © 5

......... .......... .......... 12Radian/Degreeconversions ...... .......... ......... ......... .......... ......... ......... ......... ..........

e An angle measuring 0 radians is the
......... .......... .......... . ratioofthe ..........

to the

................................ ‘ 9: B R I

| : : -} Find the size of the angle 6 shown in the diagraén. :
U r e

......... .......... ........ C‘Laws/Resutts ....... ......... ......... ........ ......... ........ ......... ........ ........ ......... .........

_______ ,,,,,,,,, Given C' = 27r (circumference), then C' can be treated as a special arc. This results
' : : ) in 6 =27, ie. in 360°, there are 27 radians, or

T > 180°

Q Definition 2
From equation (L)), the length of a circular arc ¢ is

where 6 is in radians.




L2 Bxamples

e Eample3

' , Convert the following angles in degrees to radians. For the first four, find correct two , , ,
JRN b decimal places and for the remaining, leave your answer in terms of 7. SN e s

1. 13° 3. 136° 5. 30° 7. 60° IO O T WO O
2. 57 4. 310° 6.  45° 8. 90° SRR

}s Eixampzle 4

Convert the following angles in radians to degrees, correct to the nearest minute
where applicable.

3. & 5. 1.56 7. 5.76

o S




RADIAN MEASURE — RADIAN/DEGREE: CONVERSIONS : : : : : : : ST

The arc of a circle subtends an angle of 100° at the centre. If the radius is 12 cm,
calculate the exact length of the arc. Answer: 207

--------- ---------- <<<<<<<<<< -} The minute hand of a clock is 20 ¢cm long. Calculate . --------
: : : | (a)  the angle (in radians) that the minute hand sweeps through in 16 minutes. :

(b)  the exact arc length along which the tip of the hand travels in 16 minutes.

......... ......... (¢)  the shortest distance between the initial and final positions of the tip of the ... ----------
| : i i hand, correct to 2 decimal places. :

Answer: (a) % (b) 327" (c) 29.73 cm

: 3= Further exercises

(®) Ex 9G (Pender et all, 2018) () Ex 11G (Pender et al, 2019)

......... ......... e All questions S R ..........
| : : : e All questions :




T Bl _________ s

[2012 2U HSC] What are the solutions of V3tanz = —1 for 0 < z < 277

= Further exercises (Legacy Textbooks)

......... ...... %PX4A (IEE]]:]E]: Sadler. Shea. & Eﬂa]::] @EX 14A (IP&D.dﬁI_QLa.lJ h.m ......... ..........
BT Ny EIRE ER

e Q1521

o S

Further exercises

@EXQH(IPﬁndeuL_athﬂlﬁ (x1) Ex 11H (Pender et al., 2019)

......... ...... e All questlons ‘ ......... ......... ..........
: : e All questions : : :




e ........... 7., Leammg.Goa_,(s) ..... ..,

: : : | = Knowledge £ Skills Q Understanding

S e R “l  Formulae for areas of sector, arc Calculate areas of sectors, arc Why radians are needed for such U
lengths length and combinations of calculations :

................................ these

@ By the end of this section am | able to:
8.6  Derive the formula for arc length I = r6 and for the area of a sector of a circle, A = %7‘20

8.7  Solve problems involving sector areas, arc lengths and combinations of either areas or lengths.

.............................. 13Areao. sector
o leen the area of a mrcle is A = 7rr2 o Thé ratié of areas must equal the ratio
.......................................... t,hen the..alrea, Qf a- Se(jt,or WlthHl theof the angles Subtended at the. Centre
circle: would be - a fractlon of the area 5 : : A 5 95

of.t.h.e;cu‘cle ......... SRR TS R L ORI RS TS L AT i L L R
: : : : : : : : : : : Amrcle 27‘(‘ o

e — i g Laws/Results

The area of a sector is §

iy [ EBamples

[2009 Independent 2U Tjal]

b z

................................ In the diagram, AB iS the arc Ofa
circle with centre O. The arc AB §

................................. O 10cm is 10cm and radius OA is 15 cm.

Find:

B
(i)  The exact size of ZAOB in radians 1

» ......... .. ......... ..‘ (ii) The eXaCt area Of the SeCtOI‘ AOB‘ 1 ........ ..........




................

14 44444 Aire‘a"6f’m‘fn‘or"$e'grﬁ'ent; ........ ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

& Definition 3

A minor segment is the region of the circle cut off by an arc and the chord that joins
the endpoints of the arc.

Q Definition 4

| Area of minor segment: RS SR S

Ts Eéxampzle ) : : : : : : : : : : : :
| A chord AB of a circle with centre O has length 16 cm. If the radius of the circle is """"" """"" """""
10 cm, calculate : : ;

8 (a) the magnitude of ZAOB. ......... ........ .........
| (b) the length of the minor arc AB. A A :

(c)  the area of the minor segment formed by the chord AB.

..........................................................................................................................................................................................................




wExample R R R L T L L Lt ST T APIEEILE SR L
Two circles of radii 3cm and 4 cm have their centres 5 cm apart. Calculate the area
"""""""""""""""" common to both circles correct to 2 decimal places. Answer: 6.64cm®
......... ......... .......... 1_"F"I’thei"'EXEI‘CI'SE'S”('LEg'a'C'y"T'e"' bOOkS) ......... ......... ......... ......... ......... ......... ..........
. |@®Ex4B GEx14B .
e Q1-20

e Q4-26

o S

Further exercises

@EXQI(I&ndeuL_alJDQlS @ExllIdRQnde_aiJ,mlg)

......... ......... o All questlons SRREE B RE B R R SRR R e R ..........
| : : : e All questions :




]‘ Learnmg Goal(s)

= Knowledge L Skills @ Understanding
: : Recognise the graphs of the form Sketch the graphs of the form Why radians are needed
SEREEERES e y = asin(nx + ¢) + k and y = y = asin(nz + ¢) + k and y = to sketch the graphs of
1 : acos(nz + ¢) + k etc acos(nr + ¢) + k trigonometric ~ functions  on

the same set of axes as

linear/quadratic graphs

@ By the end of this section am | able to:
8.5  Recognise the graphs of y = sinz, y = cosz and y = tan x and sketch on extended domains in degrees
and radians.

| 5 21 Graphs ofsmx CoST : : : : : : : : : : 5 5
......... ~ ......... 444444 QLaWS/ReSU'tS ............ . ......... ......... . ......... .......... ......... ......... .......... . ......... 444444444 . ......... ..........

Basic Yy = sin T, Yy = COST curve: y
~-o J,_-\\ e
(N ’ \ 7
N\ 4 N\ /s
N / N /
1 4 ' 1 x
................. '2 S P 1R T /3"71_
— 4T — 22 - ’r— = o T
2N , 2 9 \\ /
\\_,/ _1 1 Sl
................. 5 Demstn
.................. ° R,a,nge I S
................. ° Period
.................. ° Property (Sinl’), (COS:L‘)




. (GRAPHS OF TRIGONOMETRIC FUNCTIONS - GRAPHS OF sinz, cosz S R R 13
ﬂLaws/Resu[ts ........................................................................................................................................
Transf rves:
............................... ansfopmed curves | y |
1 1

R R A ________

................................ i 3m T B o1
2 2 2

' g : : Yy=asmzx Yy =acosx :

............................... Y General equation:

............................... . a'

o7 . . (Distance between peaks/troughs)
en: . (The number of times it “appears” from 0 to 2m)
A L0 (left /right shifting) |

When sketching trigonometric graphs:

e Identify amplitude. e Identify further transformations.

e Identify period.




14 GRAPHS OF TRIGONOMETRIC FUNCTIONS — GRAPHS OF sinz, cosx

Exercises

Sketch the following graphs:

1. y=sinz, 0 <z <27

2. y=3cosz, 0 <z <2r

3. y=sin2z, 0 <x <27

4. y=2cos2x,0< 2z <27

NORMANHURST BOYS’ HIGH SCHOOL



GRAPHS OF TRIGONOMETRIC FUNCTIONS — GRAPHS OF sinz, cosx

5. y=—sinx, 0 <x <27

6. y=—4cos%x,0§x§47r

7. y:—4cos%x,0§x§27r

8 y=3sindz,0<x <27

NORMANHURST BOYS’ HIGH SCHOOL



16 GRAPHS OF TRIGONOMETRIC FUNCTIONS — GRAPHS OF sinz, cosx

9. yzQSinéx,OSxSQW

12. y=isin(2z—1),0 <z < 2.

NORMANHURST BOYS’ HIGH SCHOOL



GRAPHS OF TRIGONOMETRIC FUNCTIONS — GRAPHS OF sin X, COST

17

13.

y=3cosTx, 0 <z <2

230
3 COSs

15. A y=

(27

x 50z), 1 period.

(Ideal AC wave at 50Hz with max voltage of 230V; Australian Standard AS60038-2000)

NORMANHURST BOYS’ HIGH SCHOOL



292 Graphsoftanz
7 & Laws/Results

Basic y = tanx curve:

......... ....... 2

| |
| |
| |
| |
| |
| |
| |
B o s i 7r 3 z : :
- 12 14 3 £ SRR oo -
| |
| |
| |
| |
| |
| |

T e S ot o e e

Transformed curves:

e General equation:

..........................................................................................................................................................................................................................




......... .......... ........... 23Graphs Of recuprocal trlgonometrlc fU"Cth"SW"" ..............................................................
' : : - & Laws/Results ' ' ' '
Basic y = cosec z curve:
EERRRRRERRER] O owman e e o
-------------------------------- e Range: ..o
................................ e Period:
............................... o. Property:. oo
Y
4 4
............................. 3+
2 .
................................ e A ey
................................ r// \\;\ } ’,/ } s Y X
91 _3m -, T -7 n \\ 3= 9
\5_2,/_1 | 2 ~ SoRL
............................... ol
............................... -3 +
4 1

o S




Q Laws / Results

Basic y = sec x curve:

e Domain:

................. -~ PR ST -
~ 7 ~ e
N 7 N 4
:2 g : ot < + 31 2: 75
................. — 27 __ 9T~ =T.. == N s OT e
2 S~o_-" 2 -1 4+ 2 Sao -’ 2

& Example 12

Sketch y = 2sec (:c + %) for —m <z < 7.




Basic y = cot x curve:

e Domain:




22 GRAPHS OF TRIGONOMETRIC FUNCTIONS — MISCELLANEOUS EXAMPLES

2.4 Miscellaneous examples

}e Example 13

[Ex 14C Q9] Given the graph of y = sin x and the grid paper, find three solutions of
the equation sinz = %x, giving answers correct to 1 decimal place where necessary.

Y

NORMANHURST BOYS’ HIGH SCHOOL



O Bl g

[1995 2U HSC Q10(a)]

(i)  Draw the graphs of y = 4cosx and y = 2 — x on the same set of axes 2
for —27 <z < 2.

| : : | (i)  Explain why all the solutions of the equation 4cosz = 2 — r must lie 1 :
......... ......... D T e L T e B L T LT T T S o s e T . ... ... ..........

o S




......... .......... e ’ls“Ef)'(amp:Ie“l'Sg ........ VRN SO I e e, R UE RN SO I SR s i, ......... ......... ..........
- [1999 2U HSC Q10(a)] S

1 Show that = T is a solution of sinz = 1 tan z. 1

3 2

""""" """" (ii))  On the same set of axes, sketch the graphs of the functions y = sinx 2 i
| : andy:%tanxfor—ﬂgxgw.

(iii) Hence find all solutions of sinz = $ tanz for -2 <z < 2. 1
................. : : 1 .

(iv)  Use your graphs to solve sinz < 5 tanx for -5 <z < 7. 2 | § |

o S

Further exercises

@ Ex 9J (Pender et all, [21118 (x1) Ex 11J (Pender et all, 2019)

......... , ...... ° AH questlons

e All questions




Further trlgonometrlc 1dent1t1es
“‘ Learnmg Goal(s)
.................................. o o Skill S
: : Compound and double angle Use the compound and double When to use the formulae
.................... , eXpanSiOnS angle formulae backwards
: : ® By the end of this section am | able to:
-------------------- ‘ool 88  Derive and use the sum and difference expansions for the trigonometric functions y = sin(A & B), oo,
: : y = cos(A £ B) and y = tan(A + B)
BT 3 1 Compound angle results e
......... .......... .......... /Theoreml 444444444 e G I e T . ORI i G ..........
cos(AEB)= (3.1)
............................... SI(AEB) = 32
................................ tan(A + B) (3.3) i




....... ..... 3..1“1 ..... Proofofcos('A ...... B ) ....... ........ ......... ......... ......... ........ ........ ........ ........ ........ .........
....... ,,,,,,, | Stepsé 5 5 é | | | | | | | | é ....... ........ .........

1. Consider the circle of radius r with a triangle inscribed:

Y

2.  Use cosine rule to find d? in AAOB:
""""""""""" 3.  Use distance formula to find d? in AAOB, writing A and B in polar coordinates:
4. Equate:

......... ..... 312Pr00f0fc08(A+B) ......... ......... .......... .......... ......... ......... .......... .......... ......... ......... ......... ..........
N f“T?%fﬂ..5}.f,lﬁ‘?...T?.f??@.ﬁ??ﬁ??.l}w __________ S T T O O O O O O




e 313 ..... Proofofsm(A ]_;3) ....... _________ _________ .......... _________ R

o : 314 Proofofsm(A—l—B) L : : Co : : N :
......... ......... ..... .‘"Turnsm(A—l—B)1ntocos'('2 ...... (A+B)) ....... ......... ......... .......... ......... ......... ......... ..........




., T Eamplels

Express sin (:c + %’r) in the form acosx + bsin x.

ﬁ Eéxa'mpile 175

Given sina = % and cos f = %, where a is acute and —F < 8 < 0, find sin(a — j3)

and cos(a + f3). Answer: 2 (2+3v3), & (3v2+3)

o S




™

sin(a — ), cos(a + () and tan(a + 53).

: 8
Given cosa = 35, 0 < a < 7, and tan 8 =

2. 0< B <

T find exact values for

......... .......... .......... ~Example19 ......... e e R e e e e — R R ..........

(a)  sin75h° (b)  cos105°

.......... _ : g‘ Exainple 20

o S

Ex 17D
o Q1-9, 13-17




............... 30 o oooooooioooio....... () FURTHER TRIGONOMETRIC IDENTITIES — DOUBLE ANGLE RESULTS . : = @ .
. ......... ..... 3.2 ..... Doublea"gleresults. ......... . ......... , ......... P . ......... , .......................................................................
| ' “s Learning Goal(s): 5 5 5 5 5 5 5 5 5 5
iZ Knowledge £ Skills @ Understanding
| : Compound and double angle Use the compound and double When to use the formulae : : :
S o expansions angle formulae backuiards ST B SR
5 ; & By the end of this section am | able to:
IR T 8.9  Derive and use the double angle formulae for sin 24, cos2A and tan2A AR A s
/ Theorem 2
................. cos(24) = (basic)
......... ....... = (Variant) (3.4) .................................
=R U (variant)
sin(2A)= (3.5)
| tan(24) = (3:6)

o S




o .‘s,Examp,ezl ......... TP O O OO OO SO S O S S

=3 () cosA=. () tanA= =
(b} cosA =12, i

...............................................................................................................................................................................................................




N }‘Examplezz N A 0 O O O

Find an expression for sin z in terms of cos 2z.

................... ]‘Example o T O O O O AUV O IO A o e ..... o

Sketch y = cos? x for 0 < z < 27.

o S




e Bl

Show that sin 30 = 3sin 6 — 4 sin® 4.

3= Further exercises (Legacy Textbooks)

e All questions

o S

Ex 17E
e Q1-5,9-14

NORMANHURST BOYS’ HIGH SCHOOL



NESA Reference Sheet — calculus based courses

Wik
NSW

NSW Education Standards Authority

HIGHER SCHOOL CERTIFICATE EXAMINATION

GOVERNMENT .
Mathematics Advanced
Mathematics Extension 1
Mathematics Extension 2
REFERENCE SHEET
Measurement Financial Mathematics
Length A=P(l+r)
[ = i X 27r
360
Sequences and series
Area
Azixm’z ];1=a+(n—l)d
360
h n n
A=5(a+b) Sn=5[2a+(n—1)d]=z(a+l)
Surface area T =ar"!
A =21r% + 27rh
all=r") alr"-1
A = 4nr? S = ( )= ( ),r¢1
n 1-r r—1
Volume
v="Lan S=q i<
3
V=—m
3
Functions Logarithmic and Exponential Functions
2
‘= —bi\/s —4ac loguaxzxzalog“x
a

For ax> +bx’> +cx +d = 0:
a+ﬂ+y=—g

¢

aﬂ+a}/+ﬁy=5
and aﬁyz—g

Relations
(x—h)2+(y—k)2=r2




Trigonometric Functions Statistical Analysis

SinA = OPP, COSA = ;ﬂ, tanA = % X - U An outlier is a score
1 yp yp ad T less than @, — 1.5 X IOR
. or
A= Eab sin€ Nyl | more than Q + 1.5 X IOR
a b c
== L.
sinA  sinB  sinC 1 Normal distribution

2 =d®+b*=2abcosC

a+ b -c?
cosC = T 30°
a
2 V3
[=r6
A= %rze /60° O z
1
X . " e approximately 68% of scores have
Trigonometric identities
z-scores between -1 and 1
SecA = cosA#0 e approximately 95% of scores have
cosA’ z-scores between -2 and 2
A= 1 inA 20 e approximately 99.7% of scores have
coseeA=Gna " * z-scores between -3 and 3
A .
cotA=C9s , sinA #0 EX)=pu
sin A
_ 2] _ 2 2
cos?x + sin“x = 1 Var(X) = E[(X — 1) ] - E(X ) —H
Compound angles Probability
sin(A + B) = sinAcos B + cos Asin B P(ANB)=P(A)P(B)
cos(A + B) = cosAcos B — sinAsin B P(AUB)=P(A)+ P(B)- P(ANB)
tanA + tan B P(A N B)
tan(A + B) =—— P(A|B)=———=, P(B)#0
( ) 1—-tanAtan B (418) P(B) (5)
A . 2t . .
If t=tan— then sinA = Continuous random variables
2 1+ x
2
— P(X<x)= d
cosn = ot (X <x) Jf(X)x
1+ 12 a
2t b
tanA=1 2 Pla<X<b)=| f(x)dx
a

1
cosAcosB = E[COS(A — B) + cos(A + B)] Binomial distribution

sinAsinB = %[COS(A —B) —cos(A + B)] P(X=r)= nCrPr(l -p)""
1 X ~ Bin(n, p)
sinAcos B = E[sm(A + B) +sin(4 - B)] & P(x=x)
n -
cosAsinB = %[sin(A +B) —sin(A - B)] = (X)Px(l -p)' T x=0,1,...,n
sin?nx = %(l — cos 2nx) E(X) =np

Var(X) = np(1-p)

cos’nx = %(1 + cos 2nx)




Differential Calculus

Function

y=f(x)"

y = g(u) where u= f(x)

y =sin f(x)
y = cos f(x)
y=tan f(x)
y=e/

y=1Inf(x)
y=a/®

y=log, f(x)

y=sin"! £(x)

y=cos” f(x)

y=tan” f(x)

Derivative

d n—
d—§=nf'(x)[f(x)] !

dy dv du
—=u—+v—
dx dx dx
dy_dy du
dx du dx
du dv
V——Uu—
dy dx dx
dx V2
d ,
= fr(x)cos f(x)
dx

? = —f/(x)sin £(x)
X

D _ preysec? £(x)
dx

dy _ F(x)e’™)

dx
dy_ £
dx  f(x)

D~ (1na) f(x)a’ )
dx

dy_ )
dx ~ (na) f(x)

dy_ )
dx 1- [f(x)]Z
&y _ W

dx 1— [f(x)]2

dy _ /()
dx  14[f(0)]

Integral Calculus

Jf/(x)[f(x)]"dx = L[f(x)]nﬂ ‘e

n+1

where n #—1

r~

J(x)sin f(x)dx =—cos f(x)+c¢

r

S(x)cos f(x)dx =sin f(x)+c

f(x)sec? £(x)dx = tan f£(x)+¢

r~

f'(x)ef(x)dx =W

) %dx =1In| £(x)|+¢

( S(x)
F(x)a’ D dx = a
Ina

+c

O
J az—[f(x)]2

71M+c

dx = sin

r~

7f’(x) dx = ltan_1
J +[f(x)]2 a

.
uﬂdxzuv— vﬂdx
dx dx

S(x)dx

Joa

:b;f{fw)+f00+2ﬂﬂx0+u'

where a =x, and b =x,

+f(

-1

)]




Combinatorics

= (n i!r)!
o)

rl(n—r)!

n

x+a)'=x"+
(ray=v "

_ n\ -
)x" 1a+~~~+( )x” "a"+ -

Vectors
|lg|=‘x£+yz‘=\lx2+y2

w-y=|ullv|eosd =xx, +y,y,.
where u = x1£'+yll'

and y:x2£+yzz

r=a+A

1

Complex Numbers

z=a+ib=r(cosO+ isinh)
= re'®
[r(cosH + isin 0)]" = r"(cosn@ + isinnd)

— rnezne

Mechanics

d dv_ dv d (1 2)
7 =—=y—=—|—V
dr- dt dx dx\2

X = acos(nt+ O’) +c
x=asin(nt+a) +c

X= —n2(x -c)

© 2018 NSW Education Standards Authority
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